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1. Introduction
The vertex algebras V+L are one of the most important classes of vertex algebras along with those
vertex algebras associated with lattices, aﬃne Lie algebras and Virasoro algebras. They were originally
introduced in the Frenkel–Lepowsky–Meurman construction of the moonshine module vertex algebra
(see [FLM]). The study of the representation theory of V+L began with the case when L is a positive
deﬁnite even lattice. In this case, the classiﬁcation of all irreducible V+L -modules, and the study of the
complete reducibility property of V+L -modules was done by Abe, Dong, Jiang, and Nagatomo (see [A1,
A2,AD,DJ,DN1]). When L is a rank one negative deﬁnite even lattice, the classiﬁcation of irreducible
V+L -modules was completed by Jordan in [J]. Later, in [Y], the author classiﬁed all irreducible V
+
L -
modules for the case when L is a negative deﬁnite even lattice of arbitrary rank, and when L is a
non-degenerate even lattice that is neither positive deﬁnite nor negative deﬁnite.
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deﬁnite even lattice of ﬁnite rank and when L is a non-degenerate even lattice that is neither positive
deﬁnite nor negative deﬁnite. We prove here that V+L is rational in these cases. The main idea of the
proof is to show that the Zhu algebras A(V+L ) are semisimple. Note that a vertex algebra V is called
rational if any V -module is completely reducible.
This paper is organized as follows. In Section 2, we review the necessary background material.
In particular, we recall the construction of irreducible V+L -modules and recall certain facts about the
Zhu algebras A(V+L ) when L is a negative deﬁnite even lattice of a ﬁnite rank and when L is a
non-degenerate even lattice that is neither positive deﬁnite nor negative deﬁnite. The proof of the
rationality of V+L in these cases is contained in Section 3.
2. Preliminaries
First, we discuss relationships between vertex algebras and Zhu algebras. Next, we recall the con-
structions of irreducible V+L -modules, and review the Zhu algebras A(V
+
L ) when L is a negative
deﬁnite even lattice of a ﬁnite rank and when L is a non-degenerate even lattice that is neither
positive deﬁnite nor negative deﬁnite.
2.1. Relationships between vertex algebras and Zhu algebras
Deﬁnition 2.1. (See [LLi].) A vertex algebra V is a vector space equipped with a linear map Y (·, z) : V →
(End V )[[z, z−1]], v → Y (v, z) =∑n∈Z vnz−n−1 and a distinguished vector 1 ∈ V which satisﬁes the
following properties:
1. unv = 0 for n  0.
2. Y (1, z) = idV .
3. Y (v, z)1 ∈ V [[z]] and limz→0 Y (v, z)1 = v .
4. (The Jacobi identity)
z−10 δ
(
z1 − z2
z0
)
Y (u, z1)Y (v, z2) − z−10 δ
(
z2 − z1
−z0
)
Y (v, z2)Y (u, z1)
= z−12 δ
(
z1 − z0
z2
)
Y
(
Y (u, z0)v, z2
)
.
We denote the vertex algebra just deﬁned by (V , Y ,1) or, brieﬂy, by V .
Deﬁnition 2.2. A Z-graded vertex algebra is a vertex algebra
V =
⊕
n∈Z
Vn; for v ∈ Vn, n =wt v,
equipped with a conformal vector ω ∈ V2 which satisﬁes the following relations:
• [L(m), L(n)] = (m − n)L(m + n) + 112 (m3 − m)δm+n,0cV for m,n ∈ Z, where cV ∈ C (the central
charge) and
Y (ω, z) =
∑
n∈Z
L(n)z−n−2
(
=
∑
m∈Z
ωmz
−m−1
)
;
• L(0)v = nv = (wt v)v for n ∈ Z, and v ∈ Vn;
• Y (L(−1)v, z) = ddz Y (v, z).
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Deﬁnition 2.3. (See [DLM].) A weak V -module M is a vector space equipped with a linear map
YM(·, z) : V → (EndM)[[z]], v → YM(v, z) =∑n∈Z vnz−n−1 which satisﬁes the following properties:
for v,u ∈ V , and w ∈ M
1. vnw = 0 for n  0.
2. YM(1, z) = idM .
3. (The Jacobi identity)
z−10 δ
(
z1 − z2
z0
)
YM(u, z1)YM(v, z2) − z−10 δ
(
z2 − z1
−z0
)
YM(v, z2)YM(u, z1)
= z−12 δ
(
z1 − z0
z2
)
YM
(
Y (u, z0)v, z2
)
.
Deﬁnition 2.4. An irreducible weak V -module is a weak V -module that has no weak V -submodule
except 0 and itself. Here, a weak submodule is deﬁned in the obvious way.
Deﬁnition 2.5. (See [DLM].) An (ordinary) V -module is a weak V -module M which carries a C-
grading induced by the spectrum of L(0). Then M =⊕λ∈C Mλ where Mλ = {w ∈ M | L(0)w = λw},
and dimMλ < ∞. Moreover, for ﬁxed λ, Mn+λ = 0 for all small enough integers n.
Deﬁnition 2.6. (See [DLM].) An admissible V -module M is a Z0-graded weak V -module M =⊕
n∈Z0 M(n) such that vmM(n) ⊂ M(n + wt v − m − 1) for any homogeneous v ∈ V and m,n ∈ Z.
Here, Z0 is the set of non-negative integers.
An admissible V -submodule of M is a weak V -submodule N of M such that N =⊕n∈Z0 N ∩
M(n).
Deﬁnition 2.7. An irreducible admissible V -module is an admissible V -module that has no admissible
submodule except 0 and itself.
Deﬁnition 2.8. A vertex algebra V is called a rational if every admissible V -module is completely
reducible, i.e., a direct sum of irreducible admissible V -modules.
Proposition 2.9. (See [DLM,Z].)
1. Any ordinary V -module is an admissible V -module.
2. For any irreducible admissible V -module M, there exists a complex number λ such that M =⊕∞
n=0 M(λ + n) where M(λ + n) is the L(0)-eigenspace of the eigenvalue λ + n. We call λ the low-
est weight of M.
Next, we will deﬁne a Zhu algebra and we will discuss the relationships between the Zhu algebra
and a vertex algebra.
For a homogeneous vector u ∈ V , v ∈ V , we deﬁne products u ∗ v , and u ◦ v as follows:
u ∗ v = Resz
(
(1+ z)wtu
z
Y (u, z)v
)
,
u ◦ v = Resz
(
(1+ z)wtu
z2
Y (u, z)v
)
.
Then we extend these products linearly on V . We let O (V ) be the linear span of u ◦ v for all u, v ∈ V
and we set A(V ) = V /O (V ). Also, for v ∈ V , we denote v + O (V ) by [v].
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1. (A(V ),∗) is an associative algebra with the identity [1]. Moreover, [ω] is a central element of A(V ).
2. The map M → M(0) gives a bijection between the set of equivalence classes of irreducible admissible
V -modules to the set of equivalence classes of simple A(V )-modules.
We denote by P (V ) the set of lowest weights of all irreducible admissible V -modules. The follow-
ing is a key proposition.
Proposition 2.11. (See [A1].) If the Zhu algebra A(V ) is semisimple, and (λ + Z+) ∩ P (V ) = ∅ for any λ ∈
P (V ), then V is rational. Here, Z+ is the set of positive integers.
2.2. Vertex algebras V+L , M(1)+ and their Zhu algebras
First, we will discuss the construction of the vertex algebras M(1)+ , V+L and irreducible V
+
L -
modules. Next, we will review some information about the Zhu algebras A(M(1)+) and A(V+L ).
We will follow the setting in [FLM]. Let L be a non-degenerate even lattice of a rank d. We set
Lˆ be the canonical central extension of L by the cyclic group 〈κ〉 of order 2. We let e : L → Lˆ be
a section such that e0 = 1 and we let  : L × L → 〈κ〉 be the corresponding 2-cocycle. We assume
that  is bimultiplicative. Then (α,β)/(β,α) = κ 〈α,β〉 , (α,β)(α + β,γ ) = (β,γ )(α,β + γ ),
and eαeβ = (α,β)eα+β for α,β,γ ∈ L. Let θ denote an automorphism of Lˆ deﬁned by θ(eα) = e−α
and θ(κ) = κ . Furthermore, we set K = {a−1θ(a) | a ∈ Lˆ}.
We deﬁne V L = M(1) ⊗ C[L] where M(1) is the Heisenberg vertex operator algebra associated
with h= C ⊗Z L and C[L] is the group algebra of L with basis vectors eα for α ∈ L. Note that C[L] is
an Lˆ-module under the action eαeβ = (α,β)eα+β . It was shown in [B,FLM,G] that V L is a Z-graded
simple vertex algebra. Moreover, M(1) is its Z-graded vertex subalgebra.
Next, we deﬁne a linear automorphism θ : V L → V L by
θ
(
β1(−n1)β2(−n2) . . . βk(−nk)eα
)= (−1)kβ1(−n1) . . . βk(−nk)e−α.
Consequently, θY (v, z)u = Y (θ v, z)θ(u) for u, v ∈ V L . In particular, θ is an automorphism of V L
and M(1).
For any stable θ -subspace U of V L , we denote a ±1 eigenspace of U for θ by U± .
Proposition 2.12. (See [DM].) M(1)+ and V+L are simple Z-graded vertex algebras.
Remark 2.13. V+L is not an admissible module of itself when L is not a positive deﬁnite even lattice.
We let h[−1] and M(1)(θ) be the θ -twisted Heisenberg algebra and its unique irreducible module,
respectively. We set χ be a central character of Lˆ/K such that χ(κ) = −1 and we let Tχ be the
irreducible Lˆ/K -module with central character χ . We deﬁne V
Tχ
L = M(1)(θ) ⊗ Tχ . Note that V
Tχ
L is
an irreducible θ -twisted V L-module (cf. [D,FLM]).
We deﬁne an action of θ on M(1)(θ) and V
Tχ
L in the following way:
θ
(
β1(−n1)β2(−n2) . . . βk(−nk)1
)= (−1)kβ1(−n1) . . . βk(−nk)1, and
θ
(
β1(−n1)β2(−n2) . . . βk(−nk)t
)= (−1)kβ1(−n1) . . . βk(−nk)t
for βi ∈ h, ni ∈ 12 + Z0 and t ∈ Tχ . We denote by M(1)(θ)± and V
Tχ ,±
L the ±1-eigenspace for θ of
M(1)(θ) and V
Tχ
L , respectively.
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lattice or a non-degenerate lattice that is neither positive deﬁnite nor negative deﬁnite. Then the set of all
irreducible admissible V+L -modules is
{
V
Tχ ,±
L
∣∣ Tχ is irreducible Lˆ/K-module with central character χsuch that χ(κ) = −1}.
Corollary 2.15. Assume that L is a rank d non-degenerate even lattice. If L is either a negative deﬁnite lattice
or a non-degenerate lattice that is neither positive deﬁnite nor negative deﬁnite, then P (V+L ) = { d16 , d+816 }.
Next, we recall the Zhu algebras of M(1)+ and V+L when L is a negative deﬁnite even lattice and
when L is a non-degenerate even lattice that is neither positive deﬁnite nor negative deﬁnite.
We let L be a rank d even lattice with a non-degenerate symmetric Z-bilinear form 〈·,·〉. We set
h = C ⊗Z L and extend 〈·,·〉 to a C-bilinear form on h. Let {ha | 1  a  d} be an orthonormal basis
of h, and set ωa = ωha = 12ha(−1)21 and Ja = ha(−1)41 − 2ha(−3)ha(−1)1 + 32ha(−2)21. Note that
vectors ωa , and Ja generate a vertex operator algebra M(1)+ associated to the one-dimensional vector
space Cha .
Following [AD], we set Sab(m,n) = ha(−m)hb(−n)1, and deﬁne Euab , Etab , and Λab as follows:
Euab = 5Sab(1,2) + 25Sab(1,3) + 36Sab(1,4) + 16Sab(1,5) (a = b),
Euaa = Euab ∗ Euba,
Etab = −16
(
3Sab(1,2) + 14Sab(1,3) + 19Sab(1,4) + 8Sab(1,5)
)
(a = b),
Etaa = Etab ∗ Etba,
Λab = 45Sab(1,2) + 190Sab(1,3) + 240Sab(1,4) + 96Sab(1,5).
Proposition 2.16. (See [DN2].) For any 1 i, j,k, l d we have [Eti j] ∗ [Etkl] = δ jk[Etil].
Let Au , and At be the linear subspaces of A(M(1)+) spanned by [Euab] and [Etab], respectively. Here,
1 a,b  d.
Proposition 2.17. (See [DN2].)
1. The spaces Au and At are two sided ideals of A(M(1)+). Moreover, ideals Au , At , the unit Iu =∑di=1[Euii]
of Au and the unit It =∑di=1[Etii] of At are independent of the choice of an orthonormal basis.
2. There are algebra isomorphisms between Au and EndM(1)−(0), and between At and EndM(1)(θ)− ,
respectively. In particular, under the basis
{
h1(−1)1, . . . ,hd(−1)1
}
of M(1)−(0), each [Euab] corresponds to thematrix element Eab whose (a,b)-entry is 1 and zero elsewhere.
Similarly, under the basis
{
h1
(
−1
2
)
1, . . . ,hd
(
−1
2
)
1
}
of M(1)(θ)−(0), each [Etab] corresponds to the matrix element Eab whose (a,b)-entry is 1 and zero else-
where.
3. The Zhu algebra A(M(1)+) is generated by [ωa], [ Ja] for 1 a  d, [Λab] for 1 a = b  d and [Euab],
[Etab] for 1 a,b  d.
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[ωa], [ Ja] for 1 a d and [Λab] for 1 a = b  d.
For any α ∈ L, we set
V+L [α] = M(1)+ ⊗ Eα ⊕ M(1)− ⊗ Fα
and
A
(
V+L
)
(α) = (V+L [α] + O (V+L ))/O (V+L ).
Here, Eα = eα + e−α , and Fα = eα − e−α . Note that A(V+L ) is the sum of A(V+L )(α) for all α ∈ L. For a
Z-graded vertex subalgebra U of V+L , the identity map induces an algebra homomorphism from A(U )
to A(V+L ). For u ∈ U , we use [u] to denote u + O (U ) and u + O (V+L ).
Next, we recall several results in [Y].
Proposition 2.18. (See [Y].) Let L be a negative deﬁnite even lattice of a ﬁnite rank d. In A(V+L ), we have the
following.
1. For any indices a,b, we have [Euab] = 0 and [Λab] = 0.
2. For α ∈ L − {0}, we let {h1, . . . ,hd} be an orthonormal basis of h such that h1 ∈ Cα. Then
(a) [Etab] ∗ [Eα] = [Eα] ∗ [Etab] if a = 1 and b = 1.
(b) [Et1b] ∗ [Eα] = − 12〈α,α〉−1 [Eα] ∗ [Et1b] if b = 1.
(c) [Etb1] ∗ [Eα] = −(2〈α,α〉 − 1)[Eα] ∗ [Etb1] if b = 1.
(d) [Etaa] ∗ [Eα] = [Eα] ∗ [Etaa] for a ∈ {1, . . . ,d}.
3. Let It be the unit of the simple algebra At . Then for any α ∈ L, It ∗ [Eα] = [Eα] ∗ It .
4. For any α ∈ L, we have
A
(
V+L
)
(α) = spanC
{[u] ∗ [Eα] ∣∣ u ∈ M(1)+}
= spanC
{[
Eα
] ∗ [u] ∣∣ u ∈ M(1)+}.
5. Let α ∈ L − {0}. We set {h1, . . . ,hd} be an orthonormal basis of h such that h1 ∈ Cα. Then
[Ha] = [H1] − 9
8
[
Etaa
]+ 9
8
[
Et11
]
for a ∈ {2, . . . ,d}.
Proposition 2.19. (See [Y].) Let L be a non-degenerate rank d even lattice that is neither positive deﬁnite nor
negative deﬁnite. In A(V+L ), we have the following.
1. For any indices a,b, we have [Euab] = 0 and [Λab] = 0.
2. For α ∈ L such that 〈α,α〉 = 0, we let {h1, . . . ,hd} be an orthonormal basis of h such that h1 ∈ Cα. Then
(a) [Etab] ∗ [Eα] = [Eα] ∗ [Etab] if a = 1 and b = 1.
(b) [Et1b] ∗ [Eα] = − 12〈α,α〉−1 [Eα] ∗ [Et1b] if b = 1.
(c) [Etb1] ∗ [Eα] = −(2〈α,α〉 − 1)[Eα] ∗ [Etb1] if b = 1.
(d) [Etaa] ∗ [Eα] = [Eα] ∗ [Etaa] for a ∈ {1, . . . ,d}.
3. Let It be the unit of the simple algebra At . Then for any α ∈ L such that 〈α,α〉 = 0, we have It ∗ [Eα] =
[Eα] ∗ It .
4. Let α ∈ L such that 〈α,α〉 = 0. We set {h1, . . . ,hd} be an orthonormal basis of h such that h1 ∈ Cα. Then
[Ha] = [H1] − 9
8
[
Etaa
]+ 9
8
[
Et11
]
for a ∈ {2, . . . ,d}.
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A
(
V+L
)
(α) = spanC
{[u] ∗ [Eα] ∣∣ u ∈ M(1)+}
= spanC
{[
Eα
] ∗ [u] ∣∣ u ∈ M(1)+}.
6. Let α ∈ L − {0} such that 〈α,α〉 = 0. Then there exists β ∈ L such that 〈β,β〉 < 0, 〈α,β〉 < 0, and
A(V+L )(α) ⊂ A(V+L )(α + 2β).
7. A(V+L ) is spanned by A(V
+
L )(0), and A(V
+
L )(α) for all α ∈ L such that 〈α,α〉 = 0.
3. Rationality of the vertex algebra V +L when L is a non-degenerate even lattice of arbitrary rank
Let L be a non-degenerate even lattice of a ﬁnite rank d. If L is positive deﬁnite, then it was
shown in [A1,A2] that V+L is a rational vertex algebra. In this section, we will extend this result to
other cases.
3.1. Case I: L is a negative deﬁnite even lattice
In this subsection, we will prove that the vertex algebra V+L is rational when L is a negative
deﬁnite even lattice. The key idea is to show that the Zhu algebra A(V+L ) is semisimple.
For the rest of this subsection, we assume that L is a negative deﬁnite even lattice. Following [DJ], we
set
[B˜α] = 2〈α,α〉−1
(
It ∗ [Eα]− 2〈α,α〉
2〈α,α〉 − 1
[
Et11
] ∗ [Eα]
)
for α ∈ L−{0}, and [B˜0] = It . Here, Et11 is deﬁned with respect to an orthonormal basis {ha | 1 a d}
of h such that h1 ∈ Cα. Clearly, for i ∈ {1, . . . ,d}, we have
1. [Eti j] ∗ [B˜α] = 2〈α,α〉−1[Eti j] ∗ [Eα] when j ∈ {2, . . . ,d}, and
2. [Eti1] ∗ [B˜α] = − 2
〈α,α〉−1
2〈α,α〉−1 [Eti1] ∗ [Eα].
Lemma 3.1. For 1 a,b d, α ∈ L, [Etab] ∗ [B˜α] = [B˜α] ∗ [Etab].
Proof. This follows immediately from Proposition 2.18. 
Next, we let AtL = SpanC{[Etab] ∗ [B˜α] | 1 a,b d, α ∈ L}. We then have the following.
Theorem 3.2.
1. AtL is a 2-sided ideal of A(V
+
L ).
2. AtL is a semisimple associative algebra. In particular, A
t
L is isomorphic to A
t ⊗C C[Lˆ/K ]/ J where C[Lˆ/K ]
is the group algebra of Lˆ/K and J is the ideal of C[Lˆ/K ] generated by κK + 1.
Proof. 1. It follows immediately from Propositions 2.17, 2.18 and Lemma 3.1. For 2., we will show that
AtL
∼= At ⊗C[Lˆ/K ]/ J where J is the ideal of C[Lˆ/K ] generated by κK +1. Clearly, AtL is an At-module
and AtL = At · AtL . Moreover, AtL is a direct sum of M(1)(θ)− . By following the proof of Lemma 3.15
of [Y], we then have that [B˜α]∗[B˜β ] = (α,β)[B˜α+β ] for α,β ∈ L. Notice that a linear map ψ : Lˆ → AtL
deﬁned by ψ(eα) = [B˜α] and ψ(κ) = −It induced a linear map ψ¯ : Lˆ/K → AtL since θ(eα) = e−α and
B˜α = B˜−α . Moreover ψ induced an injective algebra homomorphism from C[Lˆ/K ]/ J into AtL and an
algebra isomorphism from At ⊗ C[Lˆ/K ]/ J onto AtL . Consequently, AtL is semisimple. 
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{
h(−1/2) ⊗ Tχ
∣∣ Tχ are irreducibles Lˆ/K-modules with central character χ such that χ(ι(κ))= −1}.
Here, h(−1/2) = {h(−1/2) | h ∈ h}. Note that these h(−1/2) ⊗ Tχ are also irreducible A(V+L )-modules.
Proof. It follows immediately from Theorem 3.2. 
Next, we set
A
(
V+L
)= A(V+L )/AtL .
For a ∈ A(V+L ), we will conveniently denote its image in A(V+L ) by a. Clearly, V
Tχ,+
L (0) is an A(V
+
L )-
module. Here, Tχ is an irreducible Lˆ/K -module with central character χ such that χ(ι(κ)) = −1.
Theorem 3.4. A(V+L ) is semisimple. In fact, it is isomorphic to C[Lˆ/K ]/ J where J is the ideal of C[Lˆ/K ]
generated by κK + 1. Consequently,
{
Tχ
∣∣ Tχ are irreducibles Lˆ/K-modules with central character χ such that χ(ι(κ))= −1}
is the set of all irreducible A(V+L )-modules. Note that these Tχ are also irreducible A(V
+
L )-modules.
Proof. Recall that there are identity maps from A(M(1)+) into A(V+L ) and A(V
+
Zα) into A(V
+
L ) for
α ∈ L − {0}. By following the proof of Lemmas 3.8, 3.9 in [Y], we will obtain that every element
in A(M(1)+) is a constant in A(V+L ). In particular, [ωa] = 116 and [Ha] = 9128 in A(V+L ) for all a ∈
{1, . . . ,d}. Moreover, for α ∈ L,u ∈ M(1)+ , [Eα] commutes [u] in A(V+L ), and A(V+L ) is a direct sum
of M(1)(θ)+(0). Since A(V+L )(α) = spanC{[u] ∗ [Eα] | u ∈ M(1)+} for all α ∈ L, we can conclude that
A
(
V+L
)= spanC{[Eα]+ AtL ∣∣ α ∈ L}.
Next, for α ∈ L−{0}, we set Bα = 2〈α,α〉−1Eα and B0 = 1. By following the proof of Lemma 3.11 in [Y],
we can show that in A(V+L ), [Bα] ∗ [Bβ ] = (α,β)[Bα+β ] for α,β ∈ L. Let φ : Lˆ → A(V+L ) be a linear
map deﬁned by φ(eα) = [Bα] and φ(κ) = −1 + AtL . Then φ induces an algebra isomorphism from
C[Lˆ/K ]/ J onto A(V+L ). This implies that A(V+L ) is a semisimple algebra. 
Corollary 3.5. Let M be an A(V+L )-module such that Atm = 0 for all m ∈ M. Then M is an A(V+L )-module.
Furthermore, M can be rewritten as a direct sum of irreducible A(V+L )-modules.
Proof. This follows immediately from Theorem 3.4. 
Lemma 3.6. The Zhu algebra A(V+L ) is semisimple.
Proof. Let M be an A(V+L )-module. We will show that M can be rewritten as a direct sum of irre-
ducible A(V+L )-modules.
Case 1. Atm = 0 for all m ∈ M .
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modules.
Case 2. Atm = 0 for some m ∈ M .
First, we will show that M contains a simple AtL-module. Let m ∈ M such that Atm = 0. Clearly,
AtLm is an A
t
L-module. By Theorem 3.2, we can conclude that A
t
Lm is a direct sum of irreducible A
t
L-
modules which are also irreducible A(V+L )-modules. Consequently, M contains a simple AtL-module.
Next, we will show that M is semisimple as an A(V+L )-module. We set N be the direct sum of all
irreducible AtL-submodules of M , and we set
M0 = {m ∈ M ∣∣ Atm = 0}.
Note that N is a sum of irreducible A(V+L )-modules (cf. Corollary 3.3). Also, M0 is an A(V
+
L )-
submodule of M since At is a 2-sided ideal of A(M(1)+) and for m ∈ M0, v ∈ At ,
[v] · ([Eα] ·m)= ([v] ∗ It) · ([Eα] ·m)= ([v] ∗ [Eα]) · (It ·m)= 0 for all α ∈ L.
Let u ∈ M−N . We will show that u ∈ M0. If Atu = 0 then AtLu is direct sum of simple AtL-submodules
of M . This implies that AtLu ⊂ N and u ∈ N . This is impossible. Hence Atu = 0. Furthermore, u ∈ M0,
and M − N ⊂ M0. Consequently, M = N + M0. By Corollary 3.5, we can conclude that M is a sum of
irreducible A(V+L )-modules.
Consequently, A(V+L ) is semisimple. 
Corollary 3.7. Every A(V+L )-module is semisimple.
Theorem 3.8. If L is a negative deﬁnite even lattice of a ﬁnite rank then the vertex algebra V+L is rational.
Proof. It is a consequence of Proposition 2.11, Corollary 2.15 and Lemma 3.6. 
3.2. Case II: L is a non-degenerate even lattice that is neither positive deﬁnite nor negative deﬁnite
Following Section 3.1, we will prove that the vertex algebra V+L is rational when L is a non-
degenerate even lattice that is neither positive nor negative deﬁnite by showing that the Zhu algebra
A(V+L ) is semisimple.
For the rest of this subsection, we assume that L is a non-degenerate even lattice that is neither positive
deﬁnite nor negative deﬁnite. Next, for every α ∈ L, we set [B ′α] in the following way:
1. If α ∈ L such that 〈α,α〉 = 0, we let
[
B ′α
]= 2〈α,α〉−1
(
It ∗ [Eα]− 2〈α,α〉
2〈α,α〉 − 1
[
Et11
] ∗ [Eα]
)
.
Here, Et11 is deﬁned with respect to an orthonormal basis {ha | 1 a d} such that h1 ∈ Cα.
2. If α ∈ L − {0} such that 〈α,α〉 = 0, we deﬁne
[
B ′α
]= 1
2
It ∗ [Eα]+ 1
1− 2〈β,β〉 − 2〈γ ,γ 〉
(〈γ ,γ 〉[Et11] ∗ [Eα]+ 〈β,β〉[Et22] ∗ [Eα])
+
√〈β,β〉〈γ ,γ 〉
1− 2〈β,β〉 − 2〈γ ,γ 〉
([
Et12
] ∗ [Eα]+ [Et21] ∗ [Eα]).
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Et22, E
t
12, E
t
21 are deﬁned with respect to an orthonormal basis {ha | 1 a  d} so that h1 ∈ Cγ ,
h2 ∈ Cβ .
3. We set [B ′0] = [It].
Remark 3.9. Let α ∈ L such that 〈α,α〉 = −2k. It was shown in [J] that E2α = (1 − 2k)28k+1 +
k28k+6[ωα]. Hence [B ′2α] = 1 on V
Tχ ,−
L (0) for any χ .
Similar to Section 3.1, we have that for α ∈ L such that 〈α,α〉 = 0, and for i ∈ {1, . . . ,d},
1. [Eti j] ∗ [B ′α] = 2〈α,α〉−1[Eti j] ∗ [Eα] when j ∈ {2, . . . ,d}, and
2. [Eti1] ∗ [B ′α] = − 2
〈α,α〉−1
2〈α,α〉−1 [Eti1] ∗ [Eα].
Furthermore, we have the following.
Lemma 3.10. For 1 a,b d, α ∈ L such that 〈α,α〉 = 0, [Etab] ∗ [B ′α] = [B ′α] ∗ [Etab].
Next, we let
A˜tL = SpanC
{[
Etab
] ∗ [B ′α] ∣∣ 1 a,b d, α ∈ L}.
Notice that A˜tL is an A
t-module. Therefore, A˜tL is a direct sum of M(1)(θ)
−(0), and for α ∈ L such that
〈α,α〉 < 0, we have [B ′2α] = 1 in A˜tL .
Lemma 3.11. Let α ∈ L − {0} such that 〈α,α〉 = 0. Then:
1. There exists β ∈ L so that 〈β,β〉 < 0, 〈α,β〉 < 0 and [B ′α] = [B ′α+2β ].
2. For 1 a,b d, we have [Etab] ∗ [B ′α] = [B ′α] ∗ [Etab].
Proof. The proof of the ﬁrst statement is very similar to Lemma 4.7 of [Y]. Let α ∈ L − {0} such
that 〈α,α〉 = 0. By Proposition 2.19, we can conclude that there exist β ∈ L, and u ∈ At such that
〈β,β〉 < 0, 〈α,β〉 < 0 and [B ′α] = [u] ∗ [B ′α+2β ]. Since [B ′α] = [B ′α] ∗ [B ′2β ] = [B ′α+2β ] on V
Tχ,−
L (0) for
any χ , we can conclude that [u] = [It] and [B ′α] = [B ′α+2β ] in A˜tL .
2. It is a consequence of 1. 
Theorem 3.12. A˜tL is a 2-sided ideal of A(V
+
L ) and A˜
t
L
∼= At ⊗C C[Lˆ/K ]/ J where C[Lˆ/K ] is the group algebra
of Lˆ/K and J is the ideal of C[Lˆ/K ] generated by κK + 1. Furthermore,
{
h(−1/2) ⊗ Tχ
∣∣ Tχ are irreducibles Lˆ/K-modules with central character χ such that χ(ι(κ))= −1}
is the set of all irreducible A˜tL -modules. Note that these h(−1/2) ⊗ Tχ are also irreducible A(V+L )-modules.
Proof. By Proposition 2.19, Lemmas 3.10 and 3.11, one can easily show that A˜tL is a 2-sided ideal of
A(V+L ). Next, by following the proof of Theorem 3.2 step by step, we will obtain that A˜tL ∼= At ⊗C
C[Lˆ/K ]/ J . The rest of the theorem is clear. 
Following Section 3.1, we set
A˜
(
V+L
)= A(V+L )/ A˜tL .
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generated by κK + 1. Consequently,
{
Tχ
∣∣ Tχ are irreducibles Lˆ/K-modules with central character χ such that χ(ι(κ))= −1}
is the set of all irreducible A˜(V+L )-modules. Note that these Tχ are also irreducible A(V
+
L )-modules.
Proof. The proof is very similar to the proof of Theorem 3.4. 
Corollary 3.14. Let M be an A(V+L )-module such that Atm = 0 for all m ∈ M. Then M is an A˜(V+L )-module.
Furthermore, M can be rewritten as a direct sum of irreducible A(V+L )-module.
Lemma 3.15. The Zhu algebra A(V+L ) is semisimple.
Proof. The proof is very similar to Lemma 3.6. 
Theorem 3.16. If L is a non-degenerate even lattice of a ﬁnite rank that is neither positive deﬁnite nor negative
deﬁnite then the vertex algebra V+L is rational.
Proof. It is a consequence of Proposition 2.11, Corollary 2.15 and Lemma 3.15. 
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